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Abstract
The abstract elliptic and parabolic equations on exterior domain are con-
sidered. The equations have top-order variable coefficients. The separability
properties of boundary value problems for elliptic equation and well-posedness
of the Cauchy problem for parabolic equations are established. In application,
the well-posedness of Wentzell-Robin type mixed probem for parabolic equation,
Cauchy problem for anisotropic parabolic equations and system of parabolic
equations are derived
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1. Introduction, notations and background
Boundary value problems (BVPs) for differential-operator equations (DOEs)
have been studied extensively by many researchers (see [3, 5, 8-23, 26] and the
references therein). A comprehensive introduction to the DOEs and historical
references may be found in [13] and [26] . The maximal regularity properties
for differential operator equations have been studied in [2] , [8] , [9] and [17-23]
for instance. The main objective of the present paper is to discuss the exterior
BVPs for the following DOE with variable coefficients
εau(2) (x) +Au (x) + ε
1
2A1u
(1) (x) +A0u (x) = f (x) , x ∈ σ, (1.1)
µ1∑
i=0
αiε
νiu(i) (0) = 0,
µ2∑
i=0
βiε
νiu(i) (b) = 0,
where σ is an exterier domain, i.e. σ = (−∞,∞) / [0, b] , a = a (x) is a complex-
valued function, ε is a positive parameter, νi =
i
2 +
1
2p , p ∈ (1,∞) ; A = A (x),
Aj = Aj (x) are linear operator functions in a Banach space E, αi, βi are
complex numbers, µk ∈ {0, 1} .
In this paper, the E-valued Lp-separability properties of this problem is
obtained. Especially, we prove that the corresponding differential operator is
R-positive and also is a negative generator of the analytic semigroup.
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Note that, the principal part of the corresponding differential operator is non
selfadjoint. Nevertheless, the sharp uniform coercive estimates for the resolvent
of corresponding differential operators are established. In section 6, nonlocal
BVP for degenerate abstract elliptic equation considered in the moving domain.
By using the maximal regularity properties of linear problem (1.1) we derive the
existence and uniqueness of BVP for the following nonlinear degenerate abstract
equation
a (x)u(2) (x) +B
(
x, u, u(1)
)
u (x) = F
(
x, u, u(1)
)
+ f (x) , (1.2)
in exterior domain, where a is a complex valued function, B and F are nonlinear
operator in a Banach space E.
Then, by using the separability properties of the elliptic problem (1.1),
the Lp (σT ;E) well-posedness is established for the following parabolic interior
mixed problem
∂u
∂t
+ εa
∂2u
∂x2
+Au+ ε
1
2A1
∂u
∂x
+A0u = f (t, x) , t ∈ (0, T ) , x ∈ σ,
µ1∑
i=0
αiε
νiu(i) (t, 0) = 0,
µ2∑
i=0
βiε
νiu(i) (t, b) = 0, (1.3)
u (0, x) = 0, x ∈ σ.
Here
σT = σ × (0, T ) , p =(p1, p)
and Lp (σT ;E) denotes the space of all E-valued p-summable functions with
mixed norm i.e., the space of all E-valued measurable functions f defined on
σT for which
‖f‖Lp(σT ;E) =


T∫
0

∫
σ
‖f (t, x)‖
p1
E dt


p
p1
dx


1
p
<∞.
Moreover, let we choose E = L2 (0, 1) in (1.1) and A to be differential
operator with generalized Wentzell-Robin boundary condition defined by
D (A) =
{
u ∈W 2p1 (0, 1) , Bju = Au (j) +
1∑
i=0
αiju
(i) (j) , j = 0, 1
}
,
Au = a1u
(2) + b1u
(1) + cu,
where αij are complex numbers, a1, b1, c are complex-valued functions and
u(0) (x) = u (x). Then, we get the Lp˜ (Ω)− well- posedness of the following
Wentzell-Robin type mixed problem for parabolic equation
∂u
∂t
+ εa
∂2u
∂x2
+ a1
∂2u
∂y2
+ b1
∂u
∂y
+ cu = f (t, x, y) , (1.4)
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µ1∑
i=0
αiε
νiu(i) (t, 0) = 0,
µ2∑
i=0
βiε
νiu(i) (t, b) = 0,
Bju = 0, j = 0, 1, t ∈ (0, T ) , x ∈ σ, y ∈ (0, 1) , (1.5)
u (0, x, y) = 0, x ∈ σ, y ∈ (0, 1) ,
where p˜ =(p,2), ε is a small parameter and Ω = σT × (0, 1) .
Note that, the regularity properties of Wentzell-Robin type BVP for elliptic
equations were studied e.g. in [41, 42] and the references therein. The max-
imal regularity properties of DOEs in Banach spaces were considered e.g. in
[2, 4, 9, 16, 21-23, 25].
Let Lp (Ω;E) denote the space of strongly measurable E-valued functions
that are defined on Ω with the norm
‖f‖Lp = ‖f‖Lp(Ω;E) =
(∫
‖f (x)‖pE dx
) 1
p
, 1 ≤ p <∞.
The Banach space E is called an UMD-space if the Hilbert operator
(Hf) (x) = lim
ε→0
∫
|x−y|>ε
f(y)
x−ydy is bounded in Lp (R, E) , p ∈ (1,∞) (see. e.g.
[7]). UMD spaces include e.g. Lp, lp spaces and Lorentz spaces Lpq, p,
q ∈ (1,∞).
Let R denote the set of real numbers, C be the set of the complex numbers
and
Sϕ = {λ; λ ∈ C, |argλ| ≤ ϕ} ∪ {0} , 0 ≤ ϕ < pi.
Let E1 and E2 be two Banach spaces. L (E1, E2) denotes the space of
bounded linear operators from E1 into E2. For E1 = E2 = E it will be denoted
by L (E) .
A linear operator A is said to be ϕ-positive in a Banach space E with bound
M > 0 if D (A) is dense on E and
∥∥∥(A+ λI)−1∥∥∥
L(E)
≤ M (1 + |λ|)
−1
for any
λ ∈ Sϕ, 0 ≤ ϕ < pi, where I is the identity operator in E. Sometimes A + λI
will be written as A + λ and will be denoted by Aλ. It is known [24, §1.15.1]
that a positive operator A has well-defined fractional powers Aθ. Let E
(
Aθ
)
denote the space D
(
Aθ
)
with norm
‖u‖E(Aθ) =
(
‖u‖p +
∥∥Aθu∥∥p) 1p , 1 ≤ p <∞, 0 < θ <∞.
Let S (Rn;E) denote the Schwartz class, i.e., the space of all E-valued rapidly
decreasing smooth functions on Rn and C (Ω;E) denotes the space of all E-
valued norm bounded functions on Ω. Let F denote the Fourier transformation.
A function Ψ ∈ C (Rn;L (E)) is called Fourier multiplier in Lp,γ (R
n;E) if the
map
u→ Φu = F−1Ψ(ξ)Fu, u ∈ S (Rn;E)
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is well defined and extends to a bounded linear operator in Lp (R
n;E) . The set
of all multipliers in Lp (R
n;E) will denoted by Mpp (E) .
Definition 1.1. A Banach space E is said to be a space satisfying multiplier
condition with respect to p ∈ (1,∞) if for any Ψ ∈ C(1) (R;L (E)) the R-
boundedness (see e.g. [9, § 4.1]) of the set{
ξjΨ(j) (ξ) : ξ ∈ R\ {0} , j = 0, 1
}
implies Ψ ∈ Mpp (E) .
Remark 1.1. Note that if E is UMD space, then for example, by [25], [9],
[11] this space satisfies the multiplier condition.
By (E1, E2)θ,p, 0 < θ < 1, 1 ≤ p ≤ ∞ we will denote the interpolation spaces
obtained from {E1, E2} by the K-method [24, §1.3.2].
The operator A (x) is said to be ϕ-positive uniformly with respect to x ∈ G
in E with bound M > 0 if D (A (x)) is independent of x, D (A (x)) is dense
in E and
∥∥∥(A (x) + λ)−1∥∥∥ ≤ M1+|λ| for all λ ∈ S (ϕ) , 0 ≤ ϕ < pi, where M is
independent of x.
The ϕ-positive operator A (x) , x ∈ σ is said to be uniformly R-positive in a
Banach space E if there exists ϕ ∈ [0 , pi) such that the set{
A (x) (A (x) + ξI)
−1
: ξ ∈ Sϕ
}
is uniformly R-bounded, that is
sup
x∈σ
R
({[
A (x) (A (x) + ξI)
−1
]
: ξ ∈ Sϕ
})
≤M.
Let E0 and E be two Banach spaces and E0 is continuously and densely
embedded into E. Let σ be a domiın in R. Consider the Sobolev-Lions type
space Wmp (σ;E0, E) that consisting of all functions u ∈ Lp (σ;E0) that have
generalized derivatives u(m) ∈ Lp (σ;E) with the norm
‖u‖Wmp = ‖u‖Wmp (σ;E0,E) = ‖u‖Lp(σ;E0) +
∥∥∥u(m)∥∥∥
Lp(σ;E)
<∞.
The embedding theorems play a key role in the perturbation theory of DOEs.
For estimating lower order derivatives we use following embedding theorems
from [21]:
Theorem A1. Assume the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to
p;
(2) A is an R-positive operator in E, σ ⊂ R;
(3) 0 ≤ j ≤ m, 0 ≤ µ ≤ 1 − j
m
, 1 < p < ∞; h is a positive parameter that
0 < h < h0 <∞;
(4) There exists a bounded linear extension operator fromWmp (σ;E (A) , E)
to Wmp ((−∞,∞) ;E (A) , E).
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Then the embedding DjWmp (σ;E (A) , E) ⊂ Lp
(
σ;E
(
A1−
j
m
−µ
))
is con-
tinuous. Moreover, for u ∈Wmp (σ;E (A) , E) the following estimate holds∥∥∥u(j)∥∥∥
Lp
(
σ;E
(
A
1−
j
m
−µ
)) ≤ hµ ‖u‖Wmp (σ;E(A),E) + h
−(1−µ) ‖u‖Lp(σ;E) .
Consider the DOE with variable coefficients on (−∞,∞)
εa (x) u(2) (x) +A (x)u (x) +
1∑
i=0
ε
i
2Ai (x) u
(i) (x) + λu (x) = f (x) , (1.6)
where a (.) is a real-valued function, ε is a positive parameter, A (.) and Aj (.)
are linear operator functions in a Banach space E, λ is a complex parameter.
Let ω1 = ω1 (x), ω2 = ω2 (x) be roots of the equation a (x)ω
2 + 1 = 0.
From [21] we obtain
Theorem A2. Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect
to p ∈ (1,∞) ;
(2) A (x) is an R-positive operator in E for ϕ ∈ [0, pi) uniformly with respect
to x ∈ [0, 1] and A (x)A−1 (x0) ∈ C ((−∞,∞) ;L (E)) for a.e. x0 ∈ (−∞,∞) ;
(3) for any δ > 0 there is a positive C (δ) such that
‖A1 (x) u‖ ≤ δ ‖u‖(E(A),E) 1
2
,∞
+ C (δ) ‖u‖
for u ∈ (E (A) , E) 1
2 ,∞
and ‖A0 (x) u‖ ≤ δ ‖Au‖E + C (δ) ‖u‖ for u ∈ D (A) ;
(4) a ∈ Cb (−∞,∞) and Reωk 6= 0 and
λ
ωk
∈ S (ϕ) for λ ∈ S (ϕ), 0 ≤ ϕ < pi,
k = 1, 2. a.e. x ∈ R;
Then problem (1.6) has a unique solution u ∈ W 2p (R;E (A) , E) for f ∈
Lp (R;E) . Moreover, for |argλ| ≤ ϕ and sufficiently large |λ| the following
uniform coercive estimate holds
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥u(i)∥∥∥
Lp(R;E)
+ ‖Au‖Lp(R;E) ≤ C ‖f‖Lp(R;E) .
Consider the nonhomogenous BVP for DOE with constant coefficients on
half plane
εau(2) (x) +Au (x) + λu (x) = f (x) , x ∈ (0,∞) , (1.7)
ν∑
i=0
αiε
νiu(i) (0) = κ,
where κ ∈ (E (A) , E) ν
2 ,p
, a is a complex number, ε is a positive parameter,
νi =
i
2+
1
2p ;A is a linear operator in a Banach spaceE, λ is a complex parameter,
αi are complex numbers and ν ∈ {0, 1}, αν 6= 0.
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Let ω1, ω2 be roots of equation aω
2 + 1 = 0.
From [22] we obtain.
Theorem A3. Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect
to p ∈ (1,∞) ;
(2) A is an R-positive operator in E for ϕ ∈ [0, pi) ;
(4) a is a complex number such that Reωk 6= 0 and
λ
ωk
∈ S (ϕ) for λ ∈ S (ϕ),
0 ≤ ϕ < pi, k = 1, 2.
Then problem (1.7) has a unique solution u ∈ W 2p (0,∞;E (A) , E) for f ∈
Lp (0,∞;E) . Moreover, for |argλ| ≤ ϕ and sufficiently large |λ| the following
uniform coercive estimate holds
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥u(i)∥∥∥
Lp(0,∞;E)
+‖Au‖Lp(0,∞;E) ≤ C ‖f‖Lp(0,∞;E)+‖κ‖(E(A),E) ν
2
,p
.
Consider the nonlocal BVP for DOE with constant coefficients
εau(2) (x) +Au (x) + λu (x) = f (x) , (1.8)
µk∑
i=0
ενi
[
αkiu
(i) (0) + βkiu
(i) (1)
]
= fk, k = 1, 2, x ∈ (0, 1) ,
where fk ∈ (E (A) , E) pµk+1
2p ,p
, A is a linear operator in a Banach space E, ε
is a positive parameter, νi =
i
2 +
1
2p , λ is a complex parameter, a, αki, βki are
complex numbers and µk ∈ {0, 1} .
From [20] we obtain.
Theorem A4. Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect
to p ∈ (1,∞) ;
(2) A is an R-positive operator in E for ϕ ∈ [0, pi) ;
(3) a is a complex number such that Reωk 6= 0 and
λ
ωk
∈ S (ϕ) for λ ∈ S (ϕ),
0 ≤ ϕ < pi, k = 1, 2;
(4) αk = αkνk 6= 0, βk = βkνk 6= 0, η = (−1)
µ1 α1β2 − (−1)
µ2 α2β1 6= 0,
a > 0;
Then problem (1.8) has a unique solution u ∈ W 2p (0, 1;E (A) , E) for f ∈
Lp (0, 1;E) and fk ∈ (E (A) , E) pνk+1
2 ,p
. Moreover, for |argλ| ≤ ϕ and suffi-
ciently large |λ| the following uniform coercive estimate holds
2∑
i=0
|λ|1−
i
2 ε
i
2
∥∥∥u(i)∥∥∥
Lp(0,1;E)
+ ‖Au‖Lp(0,1;E) ≤
C
[
‖f‖Lp(0,1;E) +
2∑
k=1
‖fk‖(E(A),E)pµk+1
2
,p
]
.
By virtue Lions Petree trace theorem (see of [24, §1.8.2]) we obtain
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Theorem A5. Assume m and j are integers, 0 ≤ j ≤ m − 1, θj =
pj+1
pm
,
p ∈ (1,∞) ; ε ∈ (0, 1) is a parameter, x0 ∈ [0, b]. Then, the linear transforma-
tion u → u(j) (x0) is bounded from W
m
p (0, b;E0, E) onto (E0, E)θj ,p and the
following inequality holds
εθj
∥∥∥u(j) (x0)∥∥∥
(E0,E)θj,p
≤ C
(∥∥∥εu(m)∥∥∥
Lp,γ(0,b;E)
+ ‖u‖Lp,γ (0,b;E0)
)
.
2. Abstract equation with variable coefficients
Consider the exterior BVP for differential-operator equation with variable
coefficients
Lu = εau(2) +Au+
1∑
i=0
ε
i
2Aiu
(i) + λu = f, (2.1)
L1u =
µ1∑
i=0
αiε
νiu(i) (0) = 0, L2u =
µ2∑
i=0
βiε
νiu(i) (b) = 0, (2.2)
where a = a (x) is a complex-valued function, ε is a positive parameter, νi =
i
2 +
1
2p , u = u (x), f = f (x) , x ∈ σ are E-valued unknown and date functions;
A = A (x) and Aj = Aj (x) are linear operator functions in a Banach space
E, λ is a complex parameter, αi, βi are complex numbers, µk ∈ {0, 1} and
σ = R \ [0, b] .
A function u ∈ W 2p (σ;E (A) , E) satisfying the equation (2.1) a.e. on σ is
said to be the solution of the equation (2.1) on σ.
Consider the problem (2.1)−(2.2) . LetX = Lp (σ;E) and Y =W
2
p (σ;E (A) , E) .
Let ω1 = ω1 (x), ω2 = ω2 (x) be roots of equation a (x)ω
2 + 1 = 0.
The main result of this section is the following:
Theorem 2.1. Assume the following conditions are satisfied:
Suppose the following conditions are satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect
to p ∈ (1,∞) ;
(2) A (x) is an R-positive operator in E for ϕ ∈ [0, pi) uniformly with respect
to x ∈ [0, 1] and A (x)A−1 (x0) ∈ C (σ¯;L (E)) for x0 ∈ (0, 1) ;
(3) for any δ > 0 there is a positive C (δ) such that
‖A1 (x) u‖ ≤ δ ‖u‖(E(A),E) 1
2
,∞
+ C (δ) ‖u‖ for u ∈ (E (A) , E) 1
2 ,∞
and
‖A0 (x)u‖ ≤ δ ‖Au‖E + C (δ) ‖u‖
for u ∈ D (A) ;
(4) a ∈ C (σ¯), Reωk 6= 0 and
λ
ωk
∈ S (ϕ) for λ ∈ S (ϕ), 0 ≤ ϕ < pi,
k = 1, 2. a.e. x ∈ σ.
Then problem (2.1) − (2.2) has a unique solution u ∈ W 2p (σ;E (A) , E) for
f ∈ Lp (σ;E) . Moreover, for |argλ| ≤ ϕ and sufficiently large |λ| the following
uniform coercive estimate holds
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2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥u(i)∥∥∥
Lp(σ;E)
+ ‖Au‖Lp(σ;E) ≤ C ‖f‖Lp(σ;E) . (2.3)
Proof. First of all, we will show the uniqueness of solution. LetG1,G2, ..., Gn...
be regions in R and ϕ1, ϕ2, ..., ϕn... correspond to a partition of unit on σ, which
functions ϕj are smooth functions on R, supp ϕj ⊂ Gj and
∞∑
j=1
ϕj (x) = 1 for
x ∈ σ. Then for all u ∈ Y we have u (x) =
∞∑
j=1
uj (x) , where uj (x) = u (x)ϕ (x) .
Let u ∈ Y be a solution of (2.1)− (2.2) . Then from (2.1)− (2.2) we obtain
( L+ λ)uj = εau
(2)
j (x) + (A+ λ)uj (x) = fj (x) , (2.4)
where
fj = fϕj + εa
(
2u(1)ϕ
(1)
j + uϕ
(2)
j
)
+ ε
1
2ϕ
(1)
j A1u, (2.5)
L1uj = κ1, L2uj = κ2, j = 1, 2, ...,∞,
κ1 = α1u (0)ϕj (0) , κ2 = α1u (b)ϕj (b) .
By Lemma A5, κ1, κ2 ∈ (E (A) , E) 1
2p ,p
. By freezing coefficients in (2.4) we
obtain that
εa (x0j)u
(2)
j (x) + (A (x0j) + λ)uj (x) = Fj (x) , (2.6)
L1uj = κ1, L2uj = κ2, j = 1, 2, ...,∞,
where
Fj = fj + [A (x0j)−A (x)]uj − ε [a (x)− a (x0j)]u
(2)
j . (2.7)
Since functions uj (x) have compact supports, by extending uj (x) on the out-
sides of supp ϕj we obtain BVPs for DOEs with constant coefficients
εa (x0j)u
(2)
j + (A (x0j) + λ) uj = Fj , L1uj = κ1, L2uj = κ2. (2.8)
Since a is uniformly bounded on σ for all small ρ > 0 there is a large r0 > 0
such that |a (x)− a (±∞)| ≤ δ for all |x| ≥ r0. Let
G0 = (−∞,∞) \Or0 (0) , Or0 (0) = {x ∈ σ, |x| ≤ r0} .
Cover Or0 (0) by finitely many intervals Gj = Orj (x0j) such that
|a (x)− a (x0j)| ≤ δ for |x− x0j | ≤ rj , j = 1, 2, ....
8
Define coefficients of local operators, i.e.
a0 (x) =
{
a (x) , x /∈ Or0 (0)
a
(
r20
x
|x|2
)
, x ∈ Or0 (0)
}
,
aj (x) =
{
a (x) , x ∈ Orj (x0j)
a
(
x0j + r
2
0
x−x0j
|x−x0j|
2
)
, x /∈ Orj (x0j)
}
and
A0 (x)A−1 (x0j) =
{
A (x)A−1 (x0j) , x /∈ Or0 (0)
A
(
r20
x
|x|2
)
A−1 (x0j) , x ∈ Or0 (0)
}
,
Aj (x)A−1 (x0j) =
{
A (x)A−1 (x0j) , x ∈ Orj (x0j)
A
(
x0j + r
2
0
x−x0j
|x−x0j|
2
)
A−1 (x0j) , y /∈ Orj (x0j)
}
for each j = 1, 2, .... Then, for all x ∈ σ and j = 0, 1, 2, ....we get∣∣aj (x)− aj (x0j)∣∣ ≤ δ and ∥∥Aj (x)A−1 (x0j)−Aj (x0j)A−1 (x0j)∥∥B(E) < δ.
Let ϕj such that 0, b ∈ supp ϕj . Then by virtue of Theorem A4 we obtain that
problem (2.8) has a unique solution uj and the coercive uniform estimates hold
2∑
i=0
|λ|1−
i
2 ε
i
2
∥∥∥u(i)j ∥∥∥
Gj ,p
+ ‖Auj‖Gj ,p ≤ C ‖Fj‖Gj ,p +
2∑
k=1
‖κk‖Ep ,
where, ‖.‖Gj ,p denote E-valued Lp-norms on Gj and Ep = (E (A) , E) 12p ,p
. Then
by using Theorems A1 and A6 we obtain from the above estimate the following
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥u(i)j ∥∥∥
Gj,p
+ ‖Auj‖Gj,p ≤ C ‖Fj‖Gj,p . (2.9)
Let ϕj such that 0, 1∈¯ supp ϕj . Hence, κk = 0. Then in a similar way, Theorem
A2 and Theorem A3 imply the same estimates
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥u(i)j ∥∥∥
Gj ,p
+ ‖Auj‖Gj ,p ≤ C ‖Fj‖Gj ,p (2.10)
for domains Gj adjoin the boundary point 0 and b. Hence, using properties of
the smoothness of coefficients of equations (2.5) , (2.7) and choosing diameters
of suppϕj sufficiently small, we get
‖Fj‖Gj ,p ≤ δ ‖uj‖W 2p (Gj ;E(A),E)
+ C (δ) ‖fj‖Gj,p , (2.11)
where δ is a sufficiently small positive number and C (δ) is a continuous function.
Consequently, from (2.9)-(2.11) by using Theorem A1 we get
2∑
i=0
|λ|1−
i
2 ε
i
2
∥∥∥u(i)j ∥∥∥
Gj ,p
+ ‖Auj‖Gj,p ≤
9
C ‖f‖Gj ,p + δ ‖uj‖W 2p,γ(Gj ;E(A),E)
+ C (δ) ‖uj‖Gj,p .
Choosing δ < 1 from the above inequality we have
2∑
i=0
|λ|1−
i
2 ε
i
2
∥∥∥u(i)j ∥∥∥
Gj ,p
+ ‖Auj‖Gj ,p ≤ C
[
‖f‖Gj ,p + ‖uj‖Gj ,p
]
, j = 1, 2, ....
(2.12)
Then using the equality u (x) =
∞∑
j=1
uj (x) and the estimate (2.12) for u ∈ Y we
have
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥u(i)∥∥∥
p
+ ‖Auj‖p ≤ C
[
‖(L+ λ)u‖p + ‖u‖p
]
. (2.13)
Let u ∈ Y be solution of problem (2.1)− (2.2) . Then for |argλ| ≤ ϕ we have
‖u‖X = ‖(L+ λ)u− Lu‖X ≤
1
λ
[‖(L+ λ)u‖X + ‖u‖Y ] . (2.14)
Then by Theorem A1, by virtue of (2.12) and (2.14) for sufficiently large |λ| we
have
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥u(i)∥∥∥
X
+ ‖Au‖X ≤ C ‖(L+ λ)u‖X . (2.15)
Consider the operator Oε in X generated by problem (2.1)− (2.2), i.e.,
D (Oε) =W
2
p (σ;E (A) , E, L1, L2) ,
Oεu = εau
(2) (x) +Au (x) +
1∑
i=0
ε
i
2Aiu
(i).
The estimate (2.15) implies that the problem (2.1) − (2.2) has only a unique
solution and the operator O + λ has an invertible operator in its rank space.
We need to show that this rank space coincides with the space X. We consider
the smooth functions gj = gj (x) with respect to the partition of the unique
ϕj = ϕj (x) on σ that equal one on supp ϕj , where supp gj ⊂ Gj and |gj (x)| < 1.
Let us construct the function uj for all j, that are defined on Ωj = σ ∩Gj and
satisfying the problem (2.1)− (2.2) . The problem (2.1)− (2.2) can be expressed
as
εa (x0j)u
(2)
j + (A (x0j) + λ)uj = gj {Fj + [A (x0j)−A (x)]uj (2.16)
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− [a (x)− a (x0j)]uj} , L1uj = 0, L2uj = 0, j = 1, 2, ....
Consider the Lp (Gj ;E)−realization of the above local operators Ojλε = Oεj+λ
defined as
D (Oεjλ) =W
2
p (Gj ;E (A) , E, L1, L2) ,
Oεjλu = εa (x0j)u
(2) (x) + (A (x0j) + λ)u (x) .
By virtue of Theorem A1, for f ∈ Lp (Gj ;E), |argλ| ≤ ϕ and sufficiently large
|λ| we have
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥∥ didxiO−1jλ f
∥∥∥∥
p
+
∥∥∥AO−1jλ f∥∥∥
p
≤ C ‖f‖p . (2.17)
Extending uj zero on the outside of suppϕj and passing substitutions uj =
O−1εjλυj in (2.17) , obtain equations with respect to υj .
υj = Kεjλυj + gjf, j = 1, 2, ..., N. (2.18)
By virtue of Theorem A1 and estimate (2.17), in view of the smoothness of the
coefficients of the expression Kjλ, for sufficiently large |λ| we have ‖Kjλ‖ <
δ, where δ is sufficiently small. Consequently, equations (2.18) have unique
solutions υj = [I −Kεjλ]
−1
gjf . Moreover,
‖υj‖X =
∥∥∥[I −Kεjλ]−1 gjf∥∥∥
X
≤ ‖f‖X .
Whence, [I −Kεjλ]
−1
gj are bounded linear operators from X to Lp (Gj ;E) .
Thus, we obtain that
uj = Uεjλf = O
−1
εjλ [I −Kεjλ]
−1
gjf
are solutions of (2.18). Consider the linear operator (Uε + λ) in X such that
(U + λ) f =
∞∑
j=1
ϕj (y)Uεjλf.
It is clear from the constructions Uεjλ and the estimate (2.17) that operators
Uεjλ are bounded linear from X to Y and
2∑
i=0
|λ|
1− i2 ε
i
2
∥∥∥∥didiU−1εjλf
∥∥∥∥
X
+
∥∥∥AU−1εjλf∥∥∥
X
≤ C ‖f‖X . (2.19)
Therefore, (U + λ) is a bounded linear operator from Lp to Lp. Let O denote
the operator in X generated by BVP (2.1) − (2.2) . Then act of (O + λ) to
u =
∞∑
j=1
ϕjUεjλf gives (O + λ)u = f +
∞∑
j=1
Φεjλf, where Φεjλ are a linear
combination of Uεjλ and
d
dx
Uεjλ. By virtue of embedding Theorem A1, the
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estimate (2.19) and from the expression Φεjλ we obtain that operators Φjλ are
bounded linear from X to Lp (Gj ;E) and ‖Φεjλ‖ < 1. Therefore, there exists
a bounded linear invertible operator
(
I +
∞∑
j=1
Φεjλ
)−1
. So, we obtain that the
BVP (2.1)− (2.2) for f ∈ X has a unique solution
u (x) = (Oε + λ)
−1
f = (Uε + λ)

I + ∞∑
j=1
Φεjλ


−1
f = (2.20)
∞∑
j=1
ϕj (x)O
−1
εjλ [I −Kεjλ]
−1

I + ∞∑
j=1
Φεjλ


−1
f.
Then by using the above representation and by using Theorem A1 we obtain
the estimate (2.3).
Result 2.1. Theorem 2.1 implies that the differential operator Oε has a
resolvent (Oε + λ)
−1
for |argλ| ≤ ϕ, and the uniform estimate holds
2∑
i=0
|λ|1−
i
2 ε
i
2
∥∥∥∥ didxi (Oε+λ)−1
∥∥∥∥
L(X)
+
∥∥∥A (Oε + λ)−1∥∥∥
L(X)
≤ C.
3. R-positive properties of the abstract differential operator
Result 2.1 implies that the operator O is positive in Lp (σ;E) . In the fol-
lowing theorem we prove that this operator is R-positive of the operator O in
Lp (σ;E) .
Theorem 3.1. Let all condition of Theorem 2.1 be satisfied. Then the
operator O is R-positive in Lp (σ;E) .
Proof. Consider first of all the problem with constant coefficents
εau(2) (x) +Au (x) + λu (x) = f (x) , x ∈ σ, (3.1)
µ1∑
i=0
ενiαiu
(i) (0) = 0,
µ2∑
i=0
ενiβiu
(i) (1) = 0, (3.2)
where a is a complex number, A is a linear operator in a Banach space E, λ is a
complex parameter, ε is a positive parameter, νi =
i
2 +
1
2p , αi, βi are complex
numbers, µ1, µ2 ∈ {0, 1} .
Consider the operator O0 in X generated by problem (3.1)− (3.2) for λ = 0,
i.e.
D (O0) =W
2
p (σ;E (A) , E, L1, L2) , O0u = εau
(2) +Au.
Since A is a positive operator in E, then in view of [9, Lemma 2.6] there exists
semigroups Uεjλ (x) = e
ε
1
2 xω1A
1
2
λ for Reω1 < 0, Uεjλ (x) = e
−ε
1
2 (b−x)ω2A
1
2
λ for
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Reω2 > 0 that are holomorphic for x > 0 and strongly continuous for x ≥ 0. By
using a technique similar to that applied in [26, Lemma 5. 3. 2/1] , we obtain
that for f ∈ D (σ;E (A)) the solution of the equation (3.1) is represented as
u (x) =
2∑
j=1
Ujλ (x) gk +
∫
σ
U0λ (x− y) f (y) dy, gk ∈ E, (3.3)
where
Uε0λ (x− y) =
{
−A
− 12
λ Uε1λ (x− y) , x ≥ y
A
− 12
λ Uε2λ (y − x) , x ≤ y
.
By taking into account the boundary conditions (3.2) , we obtain the following
equation with respect to g1, g2
2∑
k=1
Lk (Uεjλ) gk = Lk (Φλ) , j = 1, 2, Φλ =
∫
σ
Uε0λ (x− y) f (y) dy.
By solving the above system and substituting it into (3.3) we obtain the repre-
sentation of the solution for problem (3.1)− (3.2):
u (x) = [O0 + λ]
−1
f =
∫
σ
Gε (λ, x, y) f (y)dy, (3.4)
Gε (λ, x, y) =
2∑
k=1
2∑
j=1
A
− 12
λ Bkj (λ)Ujλ (x) U˜kjλ (x− y) + U0λ (x− y) ,
where Bkj (λ) are are uniformly bounded operators in E and
U˜kjλ (x− y) =
{
bkjUεkλ (x− y) , x ≥ y
βkjUkελ (y − x) , x ≤ y
, bkj , βkj ∈ C.
Let at first, to show that the set Φ = {Gε (λ, x, y) ;λ ∈ S (ϕ)} is uniformly
R-bounded. By using the generalized Minkowcki’s, Young inequalities and by
using of the holomorphic semigroups estimates [9] we have the uniform estimate
‖Gε (λ, x, y) f‖X ≤ C
2∑
k=1
2∑
j=1
{∥∥∥A− 12λ ∥∥∥ ‖Bkj (λ)‖ ∥∥∥U˜kjλ (x) f∥∥∥
X
+
‖U0λ (x) f‖X} ≤ C ‖f‖X .
Due to R-positivity of A, uniform boundedness of operators Bkj (λ) and in view
of the Kahane’s contraction principle and from the product properties of the
collection of R-bounded operators [9, Lemma 3.5, Proposition 3.4] we get that
the sets
bkj (λ, x, y) =
{
Bkj (λ)A
− 12
λ Uεjλ (x) [Uεkλ (1− y) + Uνλ (y)] : λ ∈ Sϕ
}
,
b0 (λ, x, y) = {Uε0λ (x− y) : λ ∈ Sϕ}
13
are uniformly R-bounded. Then by using the Kahane’s contraction principle,
product and additional properties of the collection of R-bounded operators
and in view of R-boundedness of the sets bkj , b0, for all u1,u2, ..., uµ ∈ F ,
λ1, λ2, ..., λµ ∈ S (ϕ), and independent symmetric {−1, 1}-valued random vari-
ables ri (y), i = 1, 2, ..., µ, µ ∈ N we have the uniform estimate
∫
Ω
∥∥∥∥∥
µ∑
i=1
ri (y)Gε (λi, x, y)ui
∥∥∥∥∥
X
dτ ≤ C


2∑
k,j=1
∫
Ω
∥∥∥∥∥
µ∑
i=1
ri (y) bkj (λi, x, y)ui
∥∥∥∥∥
X
dτ
+
∫
Ω
∥∥∥∥∥
µ∑
i=1
ri (y) b0 (λi, x, y)ui
∥∥∥∥∥
X
dτ ≤ Ceβ|λ|
1
2 |x−y|
∫
Ω
∥∥∥∥∥
µ∑
i=1
ri (y)ui
∥∥∥∥∥
X
dτ , β < 0.
This implies that
R {Gε (λ, x, y) : λ ∈ Sϕ} ≤ Ce
β|λ|
1
2 |x−y|, β < 0, x, y ∈ (0, b) .
By applying the R-bondedness property of kernel operators (see e.g. the
Proposition 4.12 in [9]) and due to density ofD (σ;E (A)) inX ( see e.g.[14, § 2.2]
) we get that the operator O0 is uniformly R-positive in X. From the repre-
sentation (3.4) of solution of problem (3.1) − (3.2) it is easy to see that the
operator (O0 + λ)
−1
can be expressed as a linear combination of operators O−1jλ
like (O0 + λ)
−1
. Then, in view the representation (3.4) and by virtue of Ka-
hane’s contraction principle, product and additional properties of the collec-
tion of R-bounded operators we obtain that the operator O0 is R-positive in
Lp (σ;E).
Now, consider the problem (2.1)− (2.2) . By virtue of (2.20) from Theorem
2.1 we obtain that for f ∈ Lp (σ;E) the BVP (2.1)−(2.2) have a unique solution
expressing in the form
u (x) = (Oε + λ)
−1
f =
∞∑
j=1
ϕjO
−1
εjλ [I −Kεjλ]
−1
gj

I + ∞∑
j=1
Φεjλ


−1
f, (3.5)
where Oεjλ = Oεj +λ are local operators generated by BVPs with constant co-
efficients of type (2.16) and Kεjλ, Φεjλ are uniformly bounded operators defined
in the proof of the Theorem 2.1. By virtue of the first part of this theorem, the
operators Oj are R-positive in Lp (Gj ;E). Then by using the representation
(3.5) and by virtue of Kahane’s contraction principle, product and additional
properties of the collection of R-bounded operators ( see e.g. [9] Lemma 3.5,
Proposition 3.4 ) we obtain the assertion.
4. Abstract Cauchy problem for parabolic equation on exterior
domain
Consider the following mixed problem for parabolic DOE equation with pa-
rameter
14
∂u
∂t
+ εa (x)
∂2u
∂x2
+ [A (x) + d]u+ ε
1
2A1 (x)
∂u
∂x
+A0 (x) u = f (t, x) ,
µ1∑
i=0
ενiαiu
(i)
x (t, 0) = 0,
µ2∑
i=0
ενiβiu
(i)
x (t, b) = 0, (4.1)
u (0, x) = 0, x ∈ σ, t ∈ (0, T ) ,
where σ = (−∞,∞) \ [0, 1] , αi, βi are complex numbers, ε is a positive param-
eter, νi =
i
2 +
1
2p , d is a positive number, µk ∈ {0, 1} , A (.) and Aj (.) are linear
operator functions in a Banach space E for x ∈ σ.
For p =(p, p1), ∆+ = (0, T )×σ, Lp (∆T ;E) will be denoted the space of all
E-valued p-summable functions with mixed norm (see e.g. [6]), i.e., the space
of all measurable functions f defined on ∆T for which
‖f‖Lp(∆+) =


T∫
0

∫
σ
‖f (t, x)‖
p
dx


p1
p
dt


1
p1
<∞.
Analogously,W 2p (σT , E (A) , E) denotes the Sobolev space with correspond-
ing mixed norm (see [6] for scalar case).
Theorem 4.1. Let the conditions of Theorem 2.1 hold for ϕ > pi2 . Then
for all f ∈ Lp (σT ;E) and sufficiently large d > 0 problem (4.1) has a unique
solution belonging to W 1,2p (σT ;E (A) , E) and the following coercive estimate
holds ∥∥∥∥∂u∂t
∥∥∥∥
Lp(σT ;E)
+
∥∥∥∥ε∂2u∂x2
∥∥∥∥
Lp(σT ;E)
+ ‖Au‖Lp(σ+;E) ≤ C ‖f‖Lp(σT ;E) .
Proof. The problem (4.1) can be express as the following Cauchy problem
du
dt
+ (Oε + d)u = f (t) , u (0) = 0, (4.2)
where Oε denote the operator generated by (2.1) − (2.2) .The Theorem 3.1
implies that the operator Oε is R-positive in X = Lp (σ;E) . By virtue of
[24, §1.14] , the operator Oε is a generator of an analytic semigroup in X. Then
applying [9, Theorem 4.4] we obtain that for f ∈ Lp1 (0, T ;X) and sufficiently
large d > 0 problem (4.2) has a unique solution belonging toW 1p1 (0, T ;D (O) , X)
and the following estimate holds∥∥∥∥dudt
∥∥∥∥
Lp1(0,T ;X)
+ ‖(Oε + d) u‖Lp1(0,T ;X)
≤ C ‖f‖Lp1(0,T ;X)
.
Since Lp1 (0, T ;X) = Lp (σT ;E) , by Theorem 2.1 we have
‖(Oε + d)u‖X = ‖u‖W 2(σ;E(A),E) .
These relations and the above estimate prove the hypothesis to be true.
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5. Elliptic DOE on the moving domain
Consider the BVP on the exterier moving domain σ (s) = R/ [0, b (s)]:
au(2) (x) +Au (x) +A1u
(1) (x) +A0u (x) = f (x) , x ∈ σ, (5.1)
µ1∑
i=0
αiu
(i) (0) = 0,
µ2∑
i=0
βiu
(i) (b (s)) = 0,
where αi, βi are complex numbers, a is a complex valued function; A = A (x)
and Aj = Aj (x) are linear operators in a Banach space E, the end point b (s)
depend on the parameter s and b(s) is a positive continues function on compact
domain ∆ ⊂ R, µk ∈ {0, 1} .
Theorem 2.1 implies the following:
Proposition 5.1. Assume the Condition 2.1 hold for b = b (s). Then,
problem (5.1) has a unique solution u ∈W 2p ((0, b) ;E (A) , E) for f ∈ Lp (0, b;E)
and sufficiently d > 0. Moreover, the following coercive uniform estimate holds
∥∥u2∥∥
Lp(0,b;E)
+ ‖Au‖Lp(0,b;E) ≤ C ‖f‖Lp(0,b;E) . (5.2)
Proof. Under the substitution τ = xb−1(s) the problem (5.1) reduced to
the following BVP in fixed domain (0, 1):
b−2 (s) a˜ (τ ) u˜(2) + A˜ (τ ) u˜+
1∑
i=0
b−i (s) A˜i (τ ) u˜
(i) (τ ) = f˜ (τ) , τ ∈ (0, 1) ,
1∑
i=0
b−i (s)αiu˜
(i) (0) = 0,
1∑
i=0
b−i (s)βiu˜
(i) (1) = 0,
where
u˜ (τ ) = u
(
τb−1
)
, a˜k (τ ) = ak
(
τb−1
)
, A˜ (τ ) = A
((
τb−1
))
,
A˜i (τ) = Ai
(
τb−1
)
, f˜ (τ) = f
((
τb−1
))
.
Then, by virtue of Theorem 2.1 we obtain the required assertion.
6. Nonlinear abstract elliptic problem in exterior domain
Consider the following nonlinear elliptic problem
a (x) u(2) (x) +B
(
x, u, u(1)
)
u = F
(
x, u, u(1)
)
+ f (x) , x ∈ σ, (6.1)
L1u =
µ1∑
i=0
αiu
(i) (0) = 0, L2u =
µ2∑
i=0
βiu
(i) (b) = 0, (6.2)
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where g is E-valued given function, a is a complex valued function, αi, βi are
complex numbers, µk ∈ {0, 1}, σ = R \ [0, b] .
In this section we will prove the existence and uniqueness of maximal regular
solution for the nonlinear problem (6.1)− (6.2). Let
U = (u0, u1) , X = Lp (σ;E) , Y =W
2
p (σ;E (A) , E) ,
Ei = (E (A) , E)θi,p , θi =
i+ 1
p
2
, X0 =
1∏
i=0
Ei,
Remark 6.1. By using J. Lions-I. Petree result (see e.g [24, § 1.8.]) we
obtain that the embedding DiY ∈ Ei is continuous and there is a constant C1
such that for w ∈ Y, W = {wi} , wi = D
iw (·) , i = 0, 1,
‖u‖∞,X0 =
1∏
i=0
∥∥Diw∥∥
C(σ¯,Ej)
= sup
x∈[0,b]
1∏
i=0
∥∥Diw (x)∥∥
Ej
≤ C1 ‖w‖Y .
For r > 0 denote by Or the closed ball in X0 of radios r, i.e.
Or =
{
u ∈ X0, ‖u‖X0 ≤ r
}
.
Consider the linear problem,
Lu = a (x)w(2) (x) + (A (x) + d)w (x) = g (x) , (6.3)
Lkw = 0, k = 1, 2,
where A (x) is a linear operator in a Banach space E for x ∈ σ, Lk are boundary
conditions defined by (6.1) and d > 0.
Assume E is a UMD space andA (x) is uniformly R-positive inE, A (0)A−1 (y0) =
A (a)A−1 (y0). By virtue Theorem 2.1 and Proposition 5.1, problem (6.3) has
a unique solution w ∈ Y for all g ∈ X and for sufficiently large d > 0. Moreover,
the following coercive estimate holds
‖w‖Y ≤M ‖g‖X ,
where the constant C0 do not depend on f ∈ X and b ∈ (0 b0] .
Let ω1 = ω1 (x), ω2 = ω2 (x) be roots of equation a (x)ω
2 + 1 = 0.
Condition 6.1. Assume the following satisfied:
(1 a ∈ C (σ¯), Reωk 6= 0 and
λ
ωk
∈ S (ϕ) for λ ∈ S (ϕ), 0 ≤ ϕ < pi,
k = 1, 2. a.e. x ∈ σ;
(2) E is an UMD space, p ∈ (1,∞);
(3) F : σ¯ ×X0 → E is a measurable function for each ui ∈ Ei, i = 0, 1 and
F (x, U) ∈ X. Moreover, for each r > 0 there exists the positive functions hk (x)
such that
‖F (x, U)‖E ≤ h1 (x) ‖U‖X0 ,
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∥∥F (x, U)− F (x, U¯)∥∥
E
≤ h2 (x)
∥∥U − U¯∥∥
X0
,
where hk ∈ Lp (σ) with
‖hk‖Lp(σ) < M
−1, k = 1, 2;
and U = {u0, u1}, U¯ = {u¯0, u¯1}, ui, u¯i ∈ Ei and U, U¯ ∈ Or .
(4) there exist Φi ∈ Ei, such that the operator B (x,Φ) for Φ = {Φi} is
R-positive in E uniformly with respect to x ∈ [0, b] ; B (x,Φ)B−1
(
x0,Φ
)
∈
C (σ¯;L (E)); B (x, 0) = A (x);
(5) B (x, U) for x ∈ (0, a) is a uniform positive operator in a Banach space E,
where domain definition D (B (x, U)) does not depend on x, U and B: σ×X0 →
L (E (A) , E) is continuous. Moreover, for each r > 0 there is a positive constant
L (r) such that∥∥[B (x, U)−B (x, U¯)] υ∥∥
E
≤ L (r)
∥∥U − U¯∥∥
X0
‖Aυ‖E for x ∈ σ, U, U¯ ∈ Or
and υ ∈ D (B (x, U)) .
Theorem 6.1. Assume the Condition 6.1 holds. Then, there exist a radius
0 < r ≤ r0 and δ > 0 such that for each f ∈ Lp(σ;E) with ‖f‖
Lp(σ;E)
≤ δ there
is a unique solution u ∈ W 2p ((σ;E (A) , E) of the problem (6.1) − (6.2) with
‖u‖W 2p (σ;E(A),E) ≤ r.
Proof. We want to solve the problem (6.1) − (6.2) locally by means of
maximal regularity of the linear problem (6.3) via the contraction mapping
theorem. For this purpose, let w be a solution of the linear problem (6.3).
Consider a ball
Or = {υ ∈ Y, Lk (υ − w) = 0, ‖υ − w‖Y ≤ r} .
Let w ∈ Y be a solution of the problem (6.3) and
W =
{
w,w(1)
}
.
Given υ ∈ Br solve the linear problem
a (x) u(2) (x) +B (x, 0)u (x) + du = F (x, υ)+
[B (x, 0)−B (x, V )]υ (x) + f (x) , Lku = 0, k = 1, 2, (6.4)
where
V =
(
υ, υ(1)
)
, υ ∈ Y.
Consider the function
g (x) = [B (x, 0)−B (x, V )] υ (x) + F (x, V ) + f (x) . (6.5)
Let first of all, we show that g ∈ X and ‖g‖X ≤M
−1r for υ ∈ Y, ‖υ‖Y ≤ r.
Indeed, by Remark 6.1 V ∈ C (σ¯;X0), one has
B (x, 0)−B (x, V ) ∈ C (σ¯;L (E (A) , E)) .
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Hence, by assumption (3), g is measurable and
‖g (x)‖E ≤ L (r) ‖V ‖X0 + h1 (x) ‖V ‖X0 + ‖f (x)‖E
for a.e. x ∈ σ. Then, by using the Remark 6.1 and by chousing δ we obtain
‖g‖X ≤ rL (r) ‖υ‖X + r ‖h1‖Lp + ‖f‖X ≤ r
2L (r) + r ‖h1‖Lp + δ ≤M
−1r.
Define a map Q on Or by
Qυ = w,
where w is a solution of the problem (6.3) with g defined by (6.4) . We want to
show that Q (Br) ⊂ Br and that Q is a contraction operator in Y provided δ
is sufficiently small, and r is chosen properly. For this aim, by using maximal
regularity properties of the problem (6.3) we have
‖Qυ − w‖Y = ‖u− w‖Y ≤M {‖F (x, V )− F (x, 0)‖X +
‖[B (x, 0)−B (x, V )] υ‖X} .
By assumption (3) for υ ∈ Or we get
‖F (x, V )− F (x, 0)‖X ≤ ‖h2‖Lp(σ) ‖V ‖X0 .
By assumptions (4), (5) and Remark 6.2, for υ ∈ Or and W =
(
w,w(1)
)
,
w ∈ Y we have
‖[B (x, 0) υ −B (x, V )] υ‖X ≤ sup
x∈σ¯
{
‖[B (x, 0)−B (x,W )] υ‖L(X0,X)
+ ‖[B (x,W )−B (x, V )] υ‖L(X0,X) ‖υ‖Y
}
≤
L (r)
[
‖W‖X0 ‖Aυ‖X + ‖υ − w‖∞,X0
]
[‖υ − w‖Y + ‖w‖Y ] ≤
rL (r)
{[
‖W‖X0 ‖υ‖Y + C1 ‖υ − w‖Y
]
+L (r) ‖w‖Y } .
By chousing r and b ∈ (0 b0] so that ‖w‖Y < δa by assumptions (3)-(5) we
obtain from the above inequalities
‖Qυ − w‖Y ≤ r + r
2L (r) ‖W‖X0 + r
2L (r)C1 + rL (r) ‖w‖Y < r.
That is the operator Q maps Br into itself, i.e.
Q (Br) ⊂ Br.
Let u1 = Q (υ1) and u2 = Q (υ2) . Then u1− u2 is a solution of the problem
a (x) u(2) (x) +A (x) u (x) + du = F (x, υ1)−
F (x, υ1) + [B (x, υ2)−B (x, 0)] [υ1 (x)− υ2 (x)]−
[B (x, υ1)−B (x, υ2)] υ1 (x) , Lku = 0, k = 1, 2.
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In a similar way, by using the assumption (5) we obtain
‖u1 − u2‖Y ≤ C0 {rL (r) ‖υ1 − υ2‖X + L (r) ‖υ1 − υ2‖Y ‖υ1‖X
+ ‖h2‖Lp ‖υ1 − υ2‖Y
}
≤ C0
[
2rL (r) + ‖h2‖Lp
]
‖υ1 − υ2‖Y .
Thus Q is a strict contraction. Eventually, the contraction mapping principle
implies a unique fixed point of Q in Or which is the unique strong solution
u ∈ Y =W 2p (σ;E (A) , E) .
7. Exterior BVP for elliptic equations
The regularity property of BVP for elliptic equations were studied e.g. in
[1] , [9] , [26]. Let Ω = σ ×G, where σ = R \ [0, b] , G ⊂ Rn, n ≥ 2 is a bounded
domain with (n− 1)-dimensional boundary ∂G. Let us consider the following
BVP for elliptic equation with parameter
Lu = εa (x)D2xu (x, y) +
∑
|α|≤2m
bα (x) aα (y)D
α
y u (x, y)+
+
1∑
i=0
∑
|β|≤µi
a
iβ
(x, y)DixD
β
yu (x, y) + du (x, y) = f, x ∈ σ, y ∈ G, (7.1)
η1∑
i=0
ενiαiu
(i) (0, y) = 0,
η2∑
i=0
ενiβiu
(i) (0, y) = 0, for a.e. y ∈ G, (7.2)
Bju =
∑
|β|≤mj
bjβ (y)D
β
yu (x, y) = 0, x ∈ σ, y ∈ ∂Ω, j = 1, 2, ...,m, (7.3)
where ηk ∈ {0, 1} , αi, βi are complex numbers, ε is a positive parameter, νi =
i
2 +
1
2p , d > 0,
Dkx =
∂k
∂xk
, Dj = −i
∂
∂yj
, Dy = (D1,..., Dn) , y = (y1, ..., yn)
and a, aα, bα, aiβ , bjβ are the complex valued functions, µi < 2m. Let
p =(p1, p) .
Let ξ′ =
(
ξ1, ξ2, ..., ξn−1
)
∈ Rn−1, α′ = (α1, α2, ..., αn−1) ∈ Z
n and
A
(
y0, ξ
′, Dy
)
=
∑
|α′|+j≤2m
aα′ (y0) ξ
α1
1 ξ
α2
2 ...ξ
αn−1
n−1 D
j
y for y0 ∈ G¯
Bj
(
y0, ξ
′, Dy
)
=
∑
|β′|+j≤mj
bjβ′ (y0) ξ
β1
1 ξ
β2
2 ...ξ
βn−1
n−1 D
j
y for y0 ∈ ∂G.
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Let Q denote the differential operator in Lp (Ω) generated by BVP (7.1)−
(7.3) .
Theorem 5.1. Let the following conditions be satisfied:
(1) a ∈ C (σ¯), Reωk 6= 0 and
λ
ωk
∈ S (ϕ) for λ ∈ S (ϕ), 0 ≤ ϕ < pi,
k = 1, 2. a.e. x ∈ σ, bα ∈ C (σ), aα ∈ C
(
Ω¯
)
for each |α| = 2m and aα ∈ L∞ (Ω)
for each |α| < 2m;
(2) bjβ ∈ C
2m−mj (∂Ω) for each j, β and mj < 2m,
m∑
j=1
bjβ
(
y
p
)
σj 6= 0, for
|β| = mj , y
p
∈ ∂G, where σ = (σ1, σ2, ..., σn) ∈ R
n is a normal to ∂G ;
(3) for y ∈ Ω¯, ξ ∈ Rn, λ ∈ S (ϕ0), |ξ|+ |λ| 6= 0 let λ+
∑
|α|=2m
aα (y) ξ
α 6= 0;
(4) for each y0 ∈ ∂Ω local BVP in local coordinates corresponding to y0
λ+A
(
y0, ξ
′, Dy
)
ϑ (y) = 0,
Bj
(
y0, ξ
′, Dy
)
ϑ (0) = hj , j = 1, 2, ...,m
has a unique solution ϑ ∈ C0 (R+) for all h = (h1, h2, ..., hn) ∈ C
n and for
ξ′ ∈ Rn−1.
Then;
(a) problem (7.1)−(7.3) has a unique solution u ∈ W 2,2mp (Ω) for f ∈ Lp (Ω)
and sufficiently large d > 0. Moreover, the uniform coercive estimate holds
ε
∥∥D2xu∥∥Lp(Ω) + ∑
|α|≤2m
‖Dαu‖Lp(Ω) ≤ C ‖f‖Lp(Ω) ;
(b) the operator Q is R-positive in Lp (Ω) .
Proof. Let us consider operators A and Ai (x) in E = Lp1 (G) that are
defined by the equalities
D (A) =
{
u ∈ W 2mp1 (G) , Bju = 0, j = 1, 2, ...,m
}
, Au =
∑
|α|≤2m
aα (y)D
α
y u (y) ,
Aiu =
∑
|β|≤µi
aiβ (x, y)D
β
yu (y) , i = 0, 1.
Then the problem (7.1) − (7.3) can be rewritten as the problem (2.1) − (2.2),
where u (x) = u (x, .) , f (x) = f (x, .), x ∈ σ are the functions with values
in E = Lp1 (G). By virtue of [2, Theorem 4.5.2] ) the space E = Lp1 (G) ,
p1 ∈ (1,∞) satisfies the multiplier condition. By virtue of [9, Theorem 8.2]
operator A + µ for sufficiently large µ > 0 is R-positive in Lp1 . Moreover, (1)
and (2) implies the (3) condition of Theorem 2.1, i.e., conditions (1)- (3) of
Theorem 2.1 are fulfilled. It is known that the embedding W 2mp1 (G) ⊂ Lp1 (G)
is compact (see e.g. [24, § 3] ,Theorem 3. 2. 5 ). Using interpolation properties
of Sobolev spaces [24, § 4] we obtain that the condition (4) of Theorem 2.1 is
satisfied. Hence, all hypotheses of Theorem 2.1 are valid and the assertion of
(a) holds. Then the Theorem 3.1 implies the assertion (b).
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8. The system of parabolic equation of arbitrary number on exterior
domain
Consider the Cauchy problem for the system of parabolic equation of arbi-
trary number
∂uj
∂t
+ εa (x)
∂2uj
∂x2
+ [aj (x) + d]u+
1∑
i=0
bij (x)
∂uj
∂x
+ du = f (t, x) ,
µ1∑
i=0
ενiαi
∂uj
∂x
(t, 0) = 0,
µ2∑
i=0
ενiβi
∂uj
∂x
(t, 1) = 0, (8.1)
u (0, x) = 0, x ∈ σ, t ∈ (0, T ) , j = 1, 2, ..., N ∈ N,
where a (.) , aj (.) , bij (x) are complex valued functions, αi, βi are complex
numbers, ε is a small positive parameter, νi =
i
2 +
1
2p , d is a positive number,
µk ∈ {0, 1} , σ = R \ [0, 1] .
Let p =(p, p1), ∆+ = (0, T )× σ and Lp (∆T ) = Lp (∆T ;C) will be denoted
the space of all complex-valued functions with mixed norm i.e., the space of all
measurable functions f defined on ∆T for which
‖f‖Lp,γ(∆+) =


T∫
0

∫
σ
|f (t, x)|
p
dx


p1
p
dt


1
p1
<∞.
Analogously, W 2p (∆T ) denotes the Sobolev space with corresponding mixed
norm (see e.g. [6]).
Let E = lq and A (x) = [δijai (x)] , Ai (x) = [bij (x)] are diagonal matrices
in lq, where i, j = 1, 2, ...N , δij = 1 for i = j and δij = 0 and
lq (A) =
{
u ∈ lq, ‖u‖lq(A) = ‖Au‖lq =

 N∑
j=1
∣∣∣(Au)j∣∣∣q


1
q
=


∣∣∣∣∣∣
N∑
j=1
ajuj
∣∣∣∣∣∣
q

1
q
<∞

 ,
u = {uj} , Au =


N∑
j=1
ajuj

 , j = 1, 2, ...N.
Condition 8.1. Assume the following conditions are satisfied;
(1) a ∈ C (σ¯), Reωk 6= 0 and
λ
ωk
∈ S (ϕ) for λ ∈ S (ϕ), k = 1, 2, aj ∈ C (σ¯)
and aj (x) ∈ S (ϕ) , x ∈ σ, 0 ≤ ϕ < pi;
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(2) bij ∈ L∞ (0, 1) , |bij (x)| ≤ C
∣∣∣a1− i2−δij (x)∣∣∣ for 0 < δi < 1 − i2 and a.e.
x ∈ σ;
(5) p, q ∈ (1,∞) and
N∏
j=1
|aj (x)| <∞ for a.e. x ∈ σ.
Let
f (x) = {fj (x)}
N
1 , u = {uj (x)}
N
1 .
Theorem 8.1. Assume Condition 8.1 are satisfied. Then for f (x) ∈
Lp (∆+; lq) and for sufficiently large d problem (8.1) has a unique solution u
that belongs to the space W 1,2p (∆+; lq (A) , lq) and the following coercive esti-
mate holds
∫
∆+

 N∑
j=1
∣∣∣∣∂uj∂t
∣∣∣∣
q


p
q
dx


1
p
+

∫
∆+

 N∑
j=1
∣∣∣∣∂2uj∂x2
∣∣∣∣
q


p
q
dx


1
p

∫
∆+


∣∣∣∣∣∣
N∑
j=1
ajuj
∣∣∣∣∣∣
q

p
q
dx


1
p
≤ C

∫
∆+
(
N∑
i=1
|fi (x)|
q
) p
q
dx


1
p
.
Proof. Let first all of, we suppose N <∞. Then det A (x) =
N∏
j=1
aj (x) .
It is easy to see that
B (λ) = λ (A+ λ)
−1
=
λ
D (λ)
[Aji (λ)] , i, j = 1, 2, ...N,
where D (λ) =
N∏
j=1
(aj (x) + λ)
−1
, Aji (λ) are entries of the corresponding ad-
joint matrix of A + λI. By using the (1) assumption it is clear to see that
the matrix A generates a positive operator in lq. For all u1,u2, ..., uµ ∈ lq,
λ1, λ2, ..., λµ ∈ C and independent symmetric {−1, 1}-valued random variables
rk (y), k = 1, 2, ..., µ, µ ∈ N we have
1∫
0
∥∥∥∥∥
µ∑
k=1
rk (y)B (λk) uk
∥∥∥∥∥
q
lq
dy ≤
C


1∫
0
N∑
j=1
∣∣∣∣∣∣
µ∑
k=1
N∑
j=1
λk
D (λk)
Aji (λk) rk (y)uki
∣∣∣∣∣∣
q
dy ≤
sup
k,i
N∑
j=1
∣∣∣∣ λkD (λk)Aji (λk)
∣∣∣∣
q ∫
Ω
∣∣∣∣∣
µ∑
k=1
rk (y)ukj
∣∣∣∣∣
q
dy. (8.2)
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Since A is symmetric and positive definite, we have
sup
k,i
N∑
j=1
∣∣∣∣ λkD (λk)Aji (λk)
∣∣∣∣
q
≤ C. (8.3)
From (8.2) and (8.3) we get
1∫
0
∥∥∥∥∥
µ∑
k=1
rk (y)B (λk)uk
∥∥∥∥∥
q
lq
dy ≤ C
1∫
0
∥∥∥∥∥
µ∑
k=1
rk (y)uk
∥∥∥∥∥
q
lq
dy,
i.e., the operator A is R-positive in lq.
Let N =∞, then we define determinant of infinite dimensional matrix A as:
det A = lim
n→∞
n∏
j=1
aj <∞.
The resolvent set R (A) of the infinite dimensional matrix A is defined as:
R (A) =

λ ∈ C, limn→∞
n∏
j=1
(aj + λ)
−1 <∞

 .
In a similar way we obtain that
B (λ) = λ (A+ λ)
−1
=
λ
D (λ)
[Aji (λ)] , i, j = 1, 2, ...N,
where D (λ) = lim
n→∞
n∏
j=1
(aj + λ)
−1 and Aji (λ) are entries of the corresponding
adjoint matrix of A + λ. By reasoning as the above and by taking limit when
n → ∞ we obtain that the matrix A generates R−positive operator in lq also
for N = ∞. From the Theorem 3.1 we obtain that problem (8.1) has a unique
solution u ∈ W 1,2p (∆+; lq (A) , lq) for f ∈ Lp (∆+; lq) and the following uniform
estimate holds∥∥∥∥∂u∂t
∥∥∥∥
Lp(∆T ;lq)
+
∥∥∥∥ε∂2u∂x2
∥∥∥∥
Lp(∆T ;lq)
+ ‖Au‖Lp(∆+;E) ≤ C ‖f‖Lp(∆T ;E) .
From the above estimate we obtain the assertion.
9. Wentzell-Robin type mixed problem for parabolic equation in
exterior domain
Consider the problem
∂u
∂t
+ a
∂2u
∂x2
+ a1
∂2u
∂y2
+ b1
∂u
∂y
+ cu = f (t, x, y) , (9.1)
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Bju = 0, j = 0, 1, t ∈ (0, T ) , x ∈ σ, y ∈ (0, 1) , (9.2)
u (0, x, y) = 0, x ∈ σ, y ∈ (0, 1) , (9.3)
where a = a (t, x, y) , a1 = a1 (t, x, y) , b1 = b1 (t, x, y) , c = c (t, x, y) are
complex-valued functions on Ω˜ = σ×(0, 1)×(0, T ). For p˜ =(p, p, 2) and Lp˜
(
Ω˜
)
will denote the space of all p˜-summable scalar-valued functions with mixed
norm. Analogously, W 2,1p˜
(
Ω˜
)
denotes the Sobolev space with corresponding
mixed norm, i.e., W 2,1p˜
(
Ω˜
)
denotes the space of all functions u ∈ Lp˜
(
Ω˜
)
possessing the derivatives ∂u
∂t
, ∂
2u
∂y2
, ∂
2u
∂y2
∈ Lp˜
(
Ω˜
)
with the norm
‖u‖W 2,1
p˜ (Ω˜)
= ‖u‖Lp˜(Ω˜) +
∥∥∥∥∂u∂t
∥∥∥∥
Lp˜(Ω˜)
+
∥∥∥∥∂2u∂x2
∥∥∥∥
Lp˜(Ω˜)
+
∥∥∥∥∂2u∂y2
∥∥∥∥
Lp˜(Ω˜)
.
Condition 9.1 Assume;
(1) a (t, ., y) ,∈ C (σ¯), y ∈ (0, 1) and t ∈ (0, T ) , Reωk 6= 0 and
λ
ωk
∈ S (ϕ)
for, x ∈ σ, λ ∈ S (ϕ), k = 1, 2, pk ∈ (1,∞) ;
(2) a1 (t, x, .) ∈W
1
∞ (0, 1) , a1 (t, x, .) ≥ δ > 0, b1 (t, x, .) , c (t, x, .) ∈ L∞ (0, b)
for a.e. x ∈ σ, t ∈ (0, T ) ;
In this section, we present the following result:
Theorem 9.1. Suppose the Condition 9.1 hold. Then, for f ∈ Lp˜
(
Ω˜;E
)
problem (9.1)− (9.3) has a unique solution u belonging to W 2,1p¯
(
Ω˜;E (A) , E
)
and the following coercive estimate holds∥∥∥∥∂u∂t
∥∥∥∥
Lp¯(Ω˜;E)
+
∥∥∥∥∂2u∂x2
∥∥∥∥
Lp˜(Ω˜)
+
∥∥∥∥∂2u∂y2
∥∥∥∥
Lp˜(Ω˜)
+ ‖Au‖Lp¯(GT ;E) ≤ C ‖f‖Lp¯(Ω˜;E) .
Proof. Let E = L2 (0, 1). It is known [10] that L2 (0, 1) is an UMD space.
Consider the operator A defined by
D (A) =W 22 (0, 1;Bju = 0) , Au = a1
∂2u
∂y2
+ b1
∂u
∂y
+ cu.
Therefore, the problem (9.1) − (9.3) can be rewritten in the form of (4.1),
where u (x) = u (x, .) , f (x) = f (x, .) are functions with values in E = L2 (0, 1) .
By virtue of [30, 31] the operator A generates analytic semigroup in L2 (0, 1).
Then in view of Hill-Yosida theorem (see e.g. [28, § 1.13]) this operator is secto-
rial in L2 (0, 1) . Since all uniform bounded set in Hilbers sapace is an R-bounded
(see [10] ), i.e. we get that the operator A is R-sectorial in L2 (0, 1) . Then from
Theorem 4.1 we obtain the assertion.
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